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The Capital Asset Pricing Model (CAPM)

I It is the equilibrium model that underlies all modern financial theory

I Derived using principles of diversification with simplified assumptions

I Markowitz, Sharpe, Lintner and Mossin are researchers credited with its
development



Assumptions

I Investors optimize portfolios a la Markowitz

I Investors use identical input list for efficient frontier

I Same risk-free rate, tangent CAL and risky portfolio

I Market portfolio is aggregation of all risky portfolios and has same weights

I Investors are price takers

I No transaction costs

I No taxes



Assumptions of the CAPM



Resulting Equilibrium Conditions

I All investors will hold the same portfolio for risky assets – market portfolio

I Market portfolio contains all securities and the proportion of each security is
its market value as a percentage of total market value



Figure The Efficient Frontier and the CML



Market Risk Premium

I The risk premium on the market portfolio will be proportional to its risk and
the degree of risk aversion of the investor:

y =
E (rM) − rf

Aσ2
M

(1)

E (RM) = Āσ2
M (2)

where

E (RM) = E (rM) − rf is the risk premium (expected excess return) on the
market
σ2
M is the variance of the market portfolio

Ā is the average degree of risk aversion across investors



Example



Concept check



Return and Risk for Individual Securities

I The risk premium on individual securities is a function of the individual
security’s contribution to the risk of the market portfolio.

I An individual security’s risk premium is a function of the covariance of
returns with the assets that make up the market portfolio.



GE Example

I Contribution of GE to market variance



GE Example

I Covariance of GE return with the market portfolio:

n∑
i=1

wiCov(Ri ,RGE ) =
n∑

i=1

Cov(wiRi ,RGE ) = Cov


n∑

i=1

wiRi︸ ︷︷ ︸
RM

,RGE

 (4)

I Therefore, the reward-to-risk ratio for investments in GE would be:

GE’s contribution to risk premium

GE’s contribution to variance
=

wGEE (RGE )

wGECov(RGE ,RM)
=

E (RGE )

Cov(RGE ,RM)



GE Example

I Reward-to-risk ratio for investment in market portfolio:

Market risk premium

Market variance
=

E (RM)

σ2
M

(5)

I Reward-to-risk ratios of GE and the market portfolio should be equal:

E (RGE )

Cov(RGE ,RM)
=

E (RM)

σ2
M

(6)

rearrange

E (RGE ) =
Cov(RGE ,RM)

σ2
M

E (RM) (7)



GE Example, The CAPM Equation

E (rGE) = rf + βGE [E (rM)− rf ] (8)



Example



Expected Return-Beta Relationship

I CAPM holds for the overall portfolio because:

w1E (r1) = w1rf + w1β1[E (rM) − rf ]

+w2E (r2) = w2rf + w2β2[E (rM) − rf ]

...

+wnE (rn) = wnrf + wnβn[E (rM) − rf ]

————————————————-

E (rp) = rf + βp[E (rM) − rf ]



Example



Concept check



Figure The Security Market Line



Figure 7.2 The SML and a Positive-Alpha Stock



Example



Example



Example



Concept check



CAPM and Single-Index Model

I To move from expected to realized returns, use the index model in excess
return form:

Ri = αi + βiRM + ei (9)

I The index model beta coefficient is the same as the beta of the CAPM
expected return-beta relationship.



Estimating the Index Model–Data

http://somfin.gmu.edu/courses/fnan311/excel/fnan_311_data_ch07.xlsx

http://somfin.gmu.edu/courses/fnan311/excel/fnan_311_data_ch07.xlsx


Figure 7.3 Returns



Figure 7.3 Panel B Cumulative Returns



Figure 7.3 Panel B Cumulative Returns





The CAPM and the Academic World

I The theoretical market portfolio impossible to observer (Roll 1977)

I Betas are unobservable, likely time varying

I Fama and French (1993) three factor model

I Generally the unconditional CAPM fails, some support for the conditional
CAPM



The CAPM and the Investment Industry

I Relies on the single-index CAPM model

I Most investors don’t beat the index portfolio. Hence it can be considered
efficient and used:

I for diversification
I as a benchmark
I to assess fair compensation for risk
I for price regulation



Figure Estimates of Mutual Fund Alphas



Multifactor models and the CAPM

I Several systematic factors (sources or risk)

I In the case of two factors, the market and a Treasury-bond portfolio, the
excess return Rit is:

Rit = αi + βiMRMt + βiTBRTBt + eit (10)

I The Expected Rate of return will have three components:

1. The risk free rate
2. The sensitivity (beta) to the market times the premium on the market
3. The sensitivity (beta) to the TB portfolio times the premium on the portfolio

E (Ri) = rf + βiM [E (rMt) − rf ] + βiTB [E (rTBt) − rf ] (11)

The above equation is expanding the SML in a third dimension.





Concept check



Identifying Risk Factors

I Use theory, regression analysis, or statistical tools (e.g. principal
components)

I Theory states that risk factors should be related (or affect)
consumption–assets which have low exposures (betas) to such risk factors
would provide better returns when consumption is low than assets with high
exposures, and they will have high prices (low premiums)

I We need to show that such factors carry risk premiums, i.e.

I Some variables might help to explain returns but still might not carry a risk
premium.

I For example, securities of firms in the same industry may be highly
correlated.

I However, if this industry is a small part of the broad market, the industry
risk can be diversified away.



The Fama-French Three Factors – Regression Analysis

I Multivariate regression:

rit − rf = αi + βiM [rMt − rf ] + βi ,HML[rHML,t − rf ] + βi ,SMB [rSMB,t − rf ] + eit (12)

where

HML is a portfolio constructed by shorting the lowest book-to-market stocks and buying
the highest book-to-market stocks

SMB is a portfolio constructed by shorting the largest market cap stocks and buying the
smallest market cap stocks



Table 7.4 Regressing Google on Factor returns



The Fama-French Three Factor Asset Pricing Model

E (ri) = rf + βiM [E (rM) − rf ] + βi ,HML[E (rHML) − rf ] + βi ,SMB [E (rSMB) − rf ] (13)



Arbitrage Pricing Theory

I Arbitrage profit is a riskless profit with no effort and no money down.

I APT states that well functioning markets do not present arbitrage
opportunities

I If a misalignment of prices occurs even a few investors can exploit and
eliminate the arbitrage opportunities and correct mispricing very quickly.



Well-Diversified Portfolios and the APT

I Single index:

RP = αP + βPRM + eP

I Suppose αP > 0. We can hedge the systematic risk of P and create a zero
beta portfolio:



Well-Diversified Portfolios and the APT

I a zero-investment, zero-beta, positive-alpha portfolio is not necessarily an
arbitrage opportunity as σe > 0; true arbitrage implies no risk (σe = 0).

I If P is fully diversified, residual risk is minimal.





Can we achieve a risk-free arbitrage portfolio?

I While the S&P 500 is highly diversified, is even this index sufficiently
diversified to make A a risk-free arbitrage portfolio?



Regressing S&P on broad market index (NYSE+NASDAQ+Amex)



Summary of Regression results

I αS&P = −0.19% or −2.27% per year

I βS&P,M = 0.93

I The above estimates are close to the ’prediction’ in Ex. 7.9.

I σe is 2.07% per year – is this small-enough to determine that the portfolio is
well-diversified?

I To exexute an arbitrage strategie, you also need to invest in T-bills. Is this
completely risk-free in reality?



SD of T-bill historical returns

I SD of the real rate from rolling over bills is in the range of .5%1.5% per year.

I Need to consider this risk as well when constructing arbitrage strategy.



Marginal risk of S&P Portfolio

I when the arbitrage portfolio is added to the risky benchmark portfolio, the
marginal increase in overall standard deviation is minimal.



Derifing the APT

I If a zero investment portfolio has a significant alpha, this will result in large
scale transactions:

I purchase positive alpha portfolios
I short negative alpha portfolios

I These transactions will drive the alphas to zero:

rP = rf + βP(rM − rf ) + eP (14)

Taking expectations:

E (rP) = rf + βP [E (rM) − rf ] (15)



The APT and The CAPM

I APT
I Assumes a well-diversified portfolio,

but residual risk is still a factor.
I Does not assume investors are

mean-variance optimizers.
I Uses an observable, market index
I Reveals arbitrage opportunities

I CAPM
I Model is based on an inherently

unobservable market portfolio.
I Rests on mean-variance efficiency.

The actions of many small investors
restore CAPM equilibrium.



Multifactor Generalization of the APT and CAPM

I Expanding the single-factor model to a two-factor model:

Ri = αi + βi1RM1 + βi2RM2 + ei (16)

where RM1 and RM2 are the excess returns on portfolios that represent the
two systematic factors.





Constructing arbitrage portfolio with two factors

I Suppose portfolio P of Example 7.10 actually has an expected excess return
of 11% and therefore a positive alpha of 2%.

I Because P is well diversified, eP must be small, and the excess return on the
zero-investment, zero-beta portfolio A is just αP = 2%.



Concept check



Estimating the index model

http://somfin.gmu.edu/courses/fnan311/excel/ss7p1.xlsx

http://somfin.gmu.edu/courses/fnan311/excel/ss7p1.xlsx


Excel Questions
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